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THE YAMABE FLOW ON INCOMPLETE MANIFOLDS 


YUANZHEN SHAO 


Abstract. This article is concerned with developing an analytic theory for 
second order nonlinear parabolic equations on singular manifolds. Existence 
and uniqueness of solutions in an Lp-framework is established by maximal reg¬ 
ularity tools. These techniques are applied to the Yamabe flow. It is proven 
that the Yamabe flow admits a unique local solution within a class of incom¬ 
plete initial metrics. 


1. Introduction 

Nowadays, there is a rising interest in the study of differential operators on mani¬ 
folds with singularities, which is motivated by a variety of applications from applied 
mathematics, geometry and topology. All the work is more or less related to the 
seminal paper by V.A. Kondrat’ev [29) . Among the tremendous amount of litera¬ 
ture on this topic, I would like to mention two lines of research on pseudo-differential 
calculus of differential operators of Fuchs type, which have been introduced inde¬ 
pendently by R.B. Melrose [39l|40] and B.-W. Schulze [Ul l48l l4^ IH)] . 

One important direction of research is connected with the so-called 6-calculus and 
its generalizations on manifolds with cylindrical ends. See [39l[40]. Many authors 
have been very active in this direction. 

Research along another line, known as cone differential operators, has also been 
known for a long time. Operators in this line of research are modelled on coni¬ 
cal manifolds. During the recent decade, many mathematicians have applied ana¬ 
lytic tools like bounded imaginary powers, 'H°“-calculus and .^-sectoriality, see Sec¬ 
tion 4.1 for precise definitions, to study the realizations of cone differential operators 
on Mellin-Sobolev spaces and to investigate many interesting nonlinear parabolic 
problems on conical manifolds. See for instance [n US m |47]. A comparison 
between the 6-calculus and the cone algebra can be found in [30] . 

There has been more recent progress in understanding elliptic operators on man¬ 
ifolds with higher order singularities, e.g., manifolds with edge ends. The reader 
may refer to [all EH ESI SSI [501 El] for more details. The amount of research on 
pseudo-differential calculus of differential operators of Fuchs type is enormous, and 
thus it is literally impossible to list all the work. 

Geometric evolution equations by now are a well-established tool in the analysis of 
geometric and topological problems, and thus forms probably the most important 
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class of differential equations on Riemannian manifolds. In this article, our focus 
will mainly be the Yamabe flow on incomplete manifolds. As an alternative ap¬ 
proach to the Yamabe problem, R. Hamilton introduced the Yamabe flow, which 
asks whether a metric, driven by this flow converges conformally to one metric with 
constant scalar curvature. More precisely, on a Riemannian manifold (M,5o)i the 
Yamabe flow studies the conformal evolution of metrics driven by the following 
rule. 

dtg = -Rgg on Mr, g{0) = go on M, (1.1) 

where Rg is the scalar curvature with respect to the metric g, and My := M x [0, T]. 

4 

Let g = gQ. This flow is equivalent to the following scalar quasilinear parabolic 
equation. 

4 Tn — 6 

dtu = u~ AggU — c{m)u’^-^ Rgg on M^, u(0) = 1 m on M. (1-2) 

On compact closed manifold (M, go), the short time existence of the Yamabe flow is 
just a consequence of the positivity of the conformal factor u and the compactness 
of (M,go)- Nevertheless, the theory for the Yamabe flow on non-compact manifolds 
is far from being settled. Even local well-posedness is only established for restricted 
situations. Its difficulty can be observed from the fact that, losing the compactness 
of (M,go), equation (11.21) can exhibit degenerate and singular behaviors simultane¬ 
ously. The investigation of the Yamabe flow on non-compact manifolds was initiated 
by L. Ma and Y. An in [35]. Later, conditions on extending local in time solutions 
were explored in [53]. In [35], the authors showed that for a complete closed non¬ 
compact Riemannian manifold (M,go) with Ricci curvature bounded from below 
and with a uniform bound on the scalar curvature in the sense that: 

RiCgo >-^50, \Rgo\<C, 

equation dm has short time solution on M x [0,T(go)] for some T(go) > 0. If in 
addition Rg^ < 0, then this solution is global. Here RiCgp is the Ricci curvature 
tensor with respect to go- The proof is based on the widely used technique con¬ 
sisting of exhausting M with a sequence of compact manifolds with boundary and 
studying the solutions to a a sequence of initial boundary value problems. Then 
uniform estimates of these solutions and their gradients are obtained by means of 
the maximum principle on manifolds with Ricci curvature bounded from below in 
the sense given above. 

The more challenging case is to study the Yamabe flow on incomplete manifolds. 
E. Bahuaud and B. Vertman started the research in this direction in [7] by con¬ 
sidering the Yamabe flow on a compact manifold with asymptotically simple edge 
singularities. Their proof for short time existence is based on a careful analysis 
of the mapping property of the heat operator between Holder spaces defined with 
respect to an edge metric. Very recently, the same authors established the long 
time existence of the Yamabe flow on edge manifolds in [5]. 

Another line of work on the Yamabe flow on geodesically incomplete manifold is to 
extend the problem onto manifolds with boundary. S. Brendle in [9] commenced 
the exploration of existence and convergence results on compact manifolds with 
vanishing mean curvature Hg on the boundary, i.e. 

dtg = —Rgg on Mr, Hg = 0 on 9Mr, g(0) = go on M. (1.3) 
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Under the conformal change g = go, Hg is related to Hg^ by 

2 _ m 


Ha = 

® TO — 2 


du TO — 2 


where vq is the unit outward normal vector with respect to the metric go. Then the 
boundary condition Hg = 0 becomes the homogeneous Neumann condition — 0. 

I feel it worthwhile mentioning the studies of the well-known Ricci flow on incom¬ 
plete manifolds. So far the research in this line mainly focuses on dimension two, in 
which case the Ricci flow coincides with the Yamabe flow up to a constant multiple. 
A remarkable feature of the Ricci flow for incomplete metrics is the loss of unique¬ 
ness. One important new notion of solutions is the instantaneously complete solu¬ 
tions, which originally appeared in a paper by E. DiBenedetto and D.J. Diller[T9], 
and was later simplified and generalized by G. Giesen and P. Topping. To de¬ 
scribe it in more detail, we look at the Ricci flow on a possibly incomplete manifold 
(M,5 o). 


dtg = -2RiCg on Mt, g{0) = go on M. (1.4) 


A solution (M,g(t)) is called instantaneously complete solution if for all t > 0 
(M, 5 (t)) is complete. Many aspects of instantaneously complete solutions have been 
investigated in a series of papers by G. Giesen and P. Topping [22l [23l [Ml [56l lYTl [^ . 

Another line of research on the Ricci flow, which indicates the loss of uniqueness 
of solutions to (d on incomplete manifolds, studies those solutions starting from 
an incomplete metric and remaining incomplete for all time. In |2611371158] , the 
analysis of the Ricci flow on manifolds with conical singularities was carried out. 
Roughly speaking, a conical metric near an isolated conical point can be expressed 
in polar coordinates {t,x) S (0,1] x by 

go = dt^ -\- t^dx^ + K, 


where k is a 2-tensor decaying like U with r > 1. Note that the conical point r = 0 
stays at a finite distance, and thus (M, t/o) is incomplete. The existence of both in¬ 
stantaneously complete solutions and conical solutions indicates the nonuniqueness 
of the solutions to the Ricci flow. A survey on the Ricci flow for incomplete metrics 
up to the year 2011 can be found in [M] . 

In 2014, the author of this article established an existence and uniqueness result for 
the Yamabe flow on singular manifolds under some mild initial regularity assump¬ 
tion. The result [53l Theorem 4.4] shows how to construct examples of the Yamabe 
flow starting at a metric with unbounded scalar curvature. The work in the current 
article extends the result in [53] and shows that the Yamabe flow can start with a 
class of incomplete metrics. This class includes examples different from those that 
have been studied for the Yamabe flow and the Ricci flow so far; the results are 
established via a totally different approach from the previous literature. As a hrst 
example, we look at the following theorem. 

Theorem 1.1. Suppose that ,go) is a compact manifold with boundary dxM = 
do.y^ U d\.M, and di.M are both open. Let (M,5o) := (.^ \ do.J^,go\M). Then the 
Yamabe flow US admits a local in time Lp solution. 
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The proof for this theorem is given in Theorem 15.11 Proposition 15.31 and Exam¬ 
ple EUl^ii). The explicit definition of Lp solutions can be found in Section 4.3. 
The Riemannian manifold (M,5o) defined in Theorem 11.11 is incomplete. At first 
glance, the Yamabe flow in Theorem 11.11 can be viewed as a flow on manifolds 
with boundary but with no boundary condition on , and thus is seemingly 
ill-posed. But as we will show in Section 5, this flow is a well-posed problem. In¬ 
deed, considering this problem on the conformally complete manifold (M,5o/p^) for 
some p S (0, oo)), (11.11) becomes a singular parabolic equation. The core of 

the analysis of (ED in Theorem o is how to offset the singular behavior of the 
conformal factor u with a proper adaptation of the function spaces. 

This paper is organized as follows. 

In Section 2 and Section 3, some preliminary materials are presented. I introduce 
the precise definitions and properties of singular manifolds and function spaces used 
in this paper. 

The theoretic basis of this paper is Section 4. Based on the results from and a 
modihcation of T.X. Duong’s method in we can prove that a class of second 
order singular elliptic operators defined in (14.11) is .^-sectorial. By the maximal Lp- 
regularity theory, cf. |18j , this implies that the class of singular parabolic equations 
considered in this article admits a unique local solution in an Lp-framework. 

In Section 5, the theory developed in Section 4 is applied to the Yamabe flow to 
establish existence and uniqueness of local solutions with incomplete initial metrics. 
The main theorem of this article, Theorem O is presented in Section 5.1. In 
Section 5.2, explicit examples of incomplete manifolds satisfying the conditions in 
Theorem 15.II are given. 

Notations: Given any topological set U, U denotes the interior of U. 

For any two Banach spaces X,Y, X = Y means that they are equal in the sense of 
equivalent norms. The notation Cis{X,Y) stands for the set of all bounded linear 
isomorphisms from X to Y. 

Given any Banach space X and manifold let || • ||oo, || • ||s,oo, || • ||p and || • ||s,p 
denote the usual norm of the A-valued Banach spaces BC{^; X){L^{^\ X)), 
BC‘^{^\X), Lp{^\X) and Wp{^] X), respectively. If the letter X is omitted 
in the definition of these space, e.g., BC{^), it means the corresponding space is 
C-valued. 


2. Singular manifolds satisfying property JY\ 

2.1. Uniformly regular Riemannian manifolds and Singular manifolds. In 
HIS], H. Amann introduced the concepts of uniformly regular Riemannian mani¬ 
folds and singular manifolds 

Let (M, g) be a C^^-Riemannian manifold of dimension m with or without boundary 
endowed with g as its Riemannian metric such that its underlying topological space 
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is separable. An atlas 2t := (0^, for M is said to be normalized if 

10 1 = /^’"’ 0„cM, 

O«n9M^0, 

where H"* is the closed half space K+ x and Q"* is the unit cube at the origin 

in We put Q™ := (p«(0«) and i/;, := ip-\ 

The atlas 21 is said to have finite multiplicity if there exists K G N such that any 
intersection of more than K coordinate patches is empty. Put 

in(K) := {if G J? : Os n 0}. 

The finite multiplicity of 21 and the separability of M imply that 21 is countable. 

An atlas 21 is said to fulfil the uniformly shrinkable condition, if it is normalized 
and there exists r G (0, 1) such that {^/^^(rQ™) : k G .S} is a cover for M. 

Following H. Amann [5][5], we say that (M,^) is a uniformly regular Riemann- 
ian manifold if it admits an atlas 21 such that 

(Rl) 21 is uniformly shrinkable and has finite multiplicity. If M is oriented, then 
21 is orientation preserving. 

(R2) \\ipr, o tp^Wk^oc, < c(fc), K G A, r] G 9I(k), and k G Nq. 

(R3) tpf.g ^ Pm, K G Here pm denotes the Euclidean metric on R"* and 
denotes the pull-back metric of g by ' 0 k- 

(R4) ||0*5||fe,oo < c(/c), kG ^ and k G No- 

Here ||u||fc_oo := inax|Q,|<fc ||9“u||oo, and it is understood that a constant c(fc), like in 
(R2), depends only on k. An atlas 21 satisfying (Rl) and (R2) is called a uniformly 
regular atlas. (R3) reads as 

|0p/c < tppg{x){£,,^) < c|0p, for any x G G R'",^ G A and some c > 1. 

In |20j , it is shown that the class of uniformly regular Riemannian manifolds coin¬ 
cides with the family of complete Riemannian manifolds with bounded geometry, 
when dM = 0 . 

Assume that p G C°°(M, (0, oo)). Then (p, is a singularity datum for M if 

(51) (M,p/p^) is a uniformly regular Riemannian manifold. 

(52) 21 is a uniformly regular atlas. 

(53) ||0kPIU.oo < c{k)pK, kG Si and k G No, where := p(0k(O)). 

(54) Pufc < p(p) < cPk, P G Ok and k G .S for some c > 1 independent of k. 
Two singularity data (p, and (p, M) are equivalent, if 

(El) p-p. 

(E2) cardjk G A : 0;= fl 0^ 7 ^ 0} < c, k G .^. 

(E3) IIpk o 0K||fc,oo < c(k), K G Si, K G M and A: G No 


6 


Y. SHAO 


We write the equivalence relationship as (p,^) ^ (p,-S)- (SI) and (El) imply that 

1 /c<Pk/ps<c, k G M., k € ^ and Ok n 0„ 0. (2.1) 

A singularity structure^ ©(M), for M is a maximal family of equivalent singularity 
data. A singularity function for ©(M) is a function p G C°°(M, (0, oo)) such that 
there exists an atlas 21 with (p, 21) G ©(M). The set of all singularity functions for 
©(M) is the singular type, T(M), for ©(M). By a singular manifold we mean a 
Riemannian manifold M endowed with a singularity structure © (M). Then M is said 
to be singular of type T(M). If p G T(M), then it is convenient to set |p] := T(M) 
and to say that (M, g; p) is a singular manifold. A singular manifold is a uniformly 
regular Riemannian manifold iff p ^ 1m- 

We refer to [HE] for examples of uniformly regular Riemannian manifolds and 
singular manifolds. 

Lastly, for each fc G N, the concept of C^-uniformly regular Riemannian man¬ 
ifold is defined by modifying (R2), (R4) and (LI), (L2) in an obvious way. Sim¬ 
ilarly, C^-singular manifolds are defined by replacing the smoothness of p by 
p G (^^(M, (0, oo)) and altering (S1)-(S3) accordingly. 

2.2. Singular manifolds satisfying property In this subsection, a class of 
singular manifolds, called singular manifolds satisfying property M\, is introduced. 
This concept has proven itself useful for the theory of second order differential 
equations on singular manifolds in [54) . 

Definition 2.1. A function h G (^^(M;®) is said to belong to the class g; p) 

with parameters (c, M) for some c > 1 and M > 0, if 

Mfc < p|grad/i|g < Me; 

M/c < p^div(p^“'^grad/i) < Me. 

The precise definition of the divergence operator div is given in (13.51) . Observe that 
if h G Mf\{M,g-, p) with parameters (c, 1), then Mh G J^\{M,g; p) with parameters 
(c,M). 

Definition 2.2. A singular manifold (M, p; p) is said to enjoy property if there 
exists some h G g-, p). 

Examples of singular manifolds with property can be found in [541 Section 5.2]. 
We will introduce one example, which will be of particular interest in the following 
sections. 

Let Jo := (0,1]. We denote by ^%{ Jq) the set of all R G C'°°( Jq, (0, oo)) with 
R{1) = 1 such that R{0) limi?(t) exists in [0,oo]. We write R G if 

r(i) Rg^(Jo); 

I (ii) dt/R{t) = oo; 

I (hi) ||9t'=R||oo <00, fc > 1; 

[(iv) dti?-ljo, Idj^R] < oo. 


( 2 . 2 ) 
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Then we call R a uniformly mild cusp characteristic. The first three conditions 
were introduced by H. Amann in [5] to define cusp characteristics. 

Assume that {B, gs) is a d-dimensional uniformly regular Riemannian submanifold 
without boundary of and R G '^'ar(do)- The (model) {R,B)-cusp P[R,B) on 
Jo, also called i?-cusp over B on Jq, is defined by 

PiR, B) = P{R, B- Jo) := {{t, R{t)y) : f G Jo, y G B} C 
It is a (1 -I- d)-dimensional submanifold of The map 

(j)p = (j)p{R) : P ^ Jq X B : {t, R{t)y) {t, y) 

is a diffeomorphism, the canonical stretching diffeomorphism of P. 

Assume that (r,gr) is a compact connected Riemannian manifold without bound¬ 
ary. Then the (model) T-wedge over the (i?, R)-cusp, P{R,B), is defined by 

W = W(R,B,r) := P(R,B) x T. 

If r is a one-point space, then W is naturally identified with P. Thus every cusp 
is also a wedge. 

We call (M,g) a closed uniformly mild T-wedge over P{R,B), if there is a diffeo¬ 
morphism / : M — W{R,B,T) such that g = f*{(j)*p{dt^ -\- gp) + 5r)- 

Example 2.3. Let A G [0,1) U (1,ck)). Assume that {M,g) is a closed uniformly 
mild T-wedge over P{R,B). Then (M,gr) is a singular manifold satisfying property 
J^\-end. 

Proof. See [Ml Remark 5.11]. □ 


3. Weighted function spaces on singular manifolds 

In this Section, I follow the work of H. Amann in [^ and |3] to introduce some 
concepts and properties of weighted function spaces on singular manifolds. 


3.1. Tensor bundles. Suppose (M,( 7 ;p) is a singular manifold. Given a,T G No, 

is the (a, r)-tensor bundle of M, where TM and T*M are the (complexified) tangent 
and the cotangent bundle of M, respectively. We write T/M for the C'°“(M)-module 
of all smooth sections of T^M, and r(M,r.^M) for the set of all sections. 


For abbreviation, we set J®’ := {1, 2,..., m}'^, and is defined alike. Given local 
coordinates (p = {a;^,..., x"*}, (z) := (zi,..., z^) G 1“^ and (j) := (ji ,... ,jT) G J'^, 
we set 


d _ d 
9x1*1 9x*i 



0 . . . (g) . 


The local representation of a G T (M, M) with respect to these coordinates is 

given by 


a = a 


(d 9 

U) QxT) 




with coefhcients a 


(d 

U) 


defined on 0 ^ 


(3.1) 
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We denote by V = Vg the extension of the Levi-Civita connection over TJfM. 
(•,•) : TJfM X TJM — >■ (7°“(M) stands for the extension of the fiber-wise defined 
duality pairing on M, cf. m Section 3]. Set Vg. with di = For k G Nq, 

we define 

V'= :r/M ^7;+fcM, 

by letting V°a := a and := V o V^a. We can also extend the Riemannian 

metric (’lOg from the tangent bundle to any {a, T)-tensor bundle T^M, which is still 
written as (-lOs- Meanwhile, ("lOg* stands for the induced contravariant metric. In 
addition, 

is called the (vector bundle) norm induced by g. 

We assume that R is a C-valued tensor bundle on M, i.e., 

R = R-:={r;M,(.|-)g}, 

for some cr, r G Nq. 

Throughout the rest of this paper, unless stated otherwise, we always assume that 


• (M,g;p) is a singular manifold. 

• p G ‘T(M), s > 0, fc G No, 1 < p < oo and G M. 
. a,rGNo, R = V7:={r,"M,(.|.)g}. 


3.2. Weighted function spaces. We denote by 2?(M,R) the space of smooth 
sections of V that is compactly supported in M. Then the weighted Sobolev space 
Wp'^{M,V) is defined as the completion of 'D{M,V) in Li^ioc{M,V) with respect 
to the norm 

II • IU.P;>? : n ^ (Eto ||p’'+*+"-1V*w|g||p - • 

Note that V) = Lp(M, V) with equal norms. In particular, we can define 

the weighted spaces Lq(M,F) for q G {l,oo} in a similar manner. 

Define 

:= ({m G R) : ||u|U,oo;^ < oo}, || • |U,oo;^), 

where ||M||fe,oo;i) := maxo<i<fc||p'^+*+'^“'^|V*u|g||oo- We also set 
BC°°’'^{M,V) ■.= f]BC’^’^{M,V). 

k 

The weighted Sobolev-Slobodeckii spaces are defined as 

:= (3.2) 

for s G R+ \ No, k = [s] -I- 1, where {■,-)s,p is the real interpolation method [TJ 
Chapter 1.2.4.1]. 

In the special case that (M,p) is uniformly regular, since p ~ 1 m, the definition of 
any weighted space R) is actually independent of the weight d. In this case, 

all spaces are indeed unweighted. We thus denote these spaces simply by 5^®(M, D). 
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In the rest of this subsection, several properties of weighted function spaces are 
presented without proof. Their proofs can be found in [54] . 

Let Vj = Vt/ := (-lOg} with j = 1,2,3 be C-valued tensor bundles on M. 

By bundle multiplication from Vi x V 2 into V 3 , denoted by 

m : 14 X 1^2 -t V3, {vi,V2) m{vi,V2), 

we mean a smooth bounded section m of Hom(hi 0 V 2 , V 3 ), i.e., 

me BC'“(M,Hom(Fi 0 ^ 2 , 14 )), (3.3) 

such that m{vi,V 2 ) '■= m(vi 0 U 2 ). (13.311 implies that for some c > 0 

|m(ui,U 2 )ls < c|ui|g|u2|g, Vi e r(M, Vi) with i = 1,2. 

Its point-wise extension from r(M, Vh © V 2 ) into r(M, 1 / 3 ) is defined by: 

m(ui,U 2 )(p) := m(p)(ui(p),W 2 (p)) 

for Vi e r(M,t4i) and p e M. We still denote it by m. We can formulate the 
following point-wise multiplier theorem for function spaces over singular manifolds. 

Proposition 3.1. Let k e Nq. Assume that the tensor bundles Vj = Vt/ '■= 
{TrfM,{-\-)g} with j = 1,2,3 satisfy 

da - T 3 = CTl + fT 2 - n - T2. (3.4) 

Suppose that m : Vi x V 2 V 3 is a bundle multiplieation, and iHs = + 1 ? 2 - Then 

[(vi,V 2 ) I—t m(ui,W 2 )] is a bilinear and eontinuous map for /c e Nq and s < k 

X W;’’’=(M,P2) ^ 1L;’’’"(M,V'3). 

Proposition 3.2. For ^ e {BC,Wp}, we have 

V G £(r+'’’’(M, v;‘^),r’’’(M,K'Vi)> 

and 

grad G /:(r+^’’’(M, K"), r’’’+"(M, V,^+^)). 

Proposition 3.3. For S' G {BC, Wp}, we have 

u := G£is(S"’’’'+’'(M,l/),S"’’''(M,P)). 


We denote by —>■ the contraction with respect to position cr + 1 

and r + 1, that is for any (i) G (j) G and fc, Z G JJ^ and p G M 


f'CT + l 

W +1 


a := 




d 


-T + l'- 


■W) Qx^i) 


——r © dx^^'^ © dx^ 

ox^ 


{i\k) ^ 


© dx^^^ 


in every local chart. Recall that the surface divergence of tensor fields with respect 
to the metric g is the map 


div = divg :C'i(M,l©^+i) ^(©(M,!©^), a ^ Cf+l{\/a). (3.5) 


Put V' := VJ. Let C : Vjj^jj x 14' —>• VJJ denote the complete contraction. For 
any a G VJf^JJ and b G V, the complete contraction (on the right) is defined by 


C{a,b) 


= a 


Vdi) 

O'bi) 


(*) QxLA 


© dx^^^\ 





10 


Y. SHAO 


with (z) G ,(ii) G JJ'^% (j) G local coordinates. The complete 

contraction (on the left) is defined in an analogous manner. Note that the complete 
contraction is a bundle multiplication. 


Suppose that 9M ^ 0. Since T((9M) is a subbundle of codimension 1 of the vector 
bundle (TM)gM over 9M, there exists a unique vector field n in (n\/l)aM of length 
1 orthogonal to r(i9M), and inward pointing. In every local coordinate system, 

LPk. = {Xl, • • • ,Xm} 

- 1 d 

We consider the boundary operator 


^ 1 7 U on i9M when z=0, 

BiU = < 

IC(Vu,n) on aM when z=l. 

Here 7 is the trace operator on cIM. We define for s ^ z + 1/p the space 

■= ^ W;'^{U,V) : B^u = 0 }. 

Note that this is a closed subspace of In particular, 

Kk (M, = w;’^{u,v), 0 < s < z + 1 /p. 


See [21 Section 21]. 

Proposition 3.4. For ^ G {BC, Wp}, it holds 


(3.6) 


The following results are not contained in [51] . 

Theorem 3.5. For any a G 1T2^’~'^(M, H') and b G 

J{C{b\,,n),a) dfig - J{divb,a) dfj.g = j{h,Va) dyig. 


dM 


Proof. This follows from the divergence theorem and the proof for [531 Theo¬ 
rem 2 . 6 ]. □ 

Proposition 3.6. Suppose that ki G No, G M with z = 0,1, O<0< 1 and 
ko < ki . Then 

y), V))e,p = y). 

Flere := (1 — 0)^o + for any ^ 0 , ^1 G K- When 9M = ^, kg ^ N; while 9M ^ 0, 

kg ^i + 1 /p. 


Proof. This follows from [21 Theorem 8.2(i), formula (8.3), Theorem 21.3] and the 
proof of [21 formula ( 21 . 2 )] □ 

Proposition 3.7. Suppose that d G M and s > k + ^. Then 

-A 56''=’’’+? (M). 

Proof. See [21 Theorem 14.2(ii)]. □ 
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Proposition 3.8. Suppose that < i^o and ^ G {BC,Wp,Wp^Bi}■ Then 

Proof. See O Theorem 15.1]. □ 

4. Maximal L^-regularity of second order elliptic differential operators 

Suppose that si/ :2?(M)— 7 >r(M)isa second order differential operator defined as 
follows. 

si/u := —div(p^“'^gradM) + C(Vn, oi) + oom, (4.1) 

with oi G r(M,TM) and oq G C^, for any u G and some A G K. We call 

si/ {p, X)R-regular if its coefficients satisfy 

ai G Wi^(M;TRM), aoGL^(M;R). 

Here TrM denotes the real tangent bundle. 

Throughout, we assume that the singular data [p] and the constant A satisfy 

||p||oo<l, A>0. (4.2) 

4.1. .^-sectorial Operators on singular manifolds. 1 first introduce several 
basic concepts in the study of elliptic differential operators. The reader may refer 
to the treatises n, 0 , m and [33] for more details of these concepts. 

For 9 G ( 0 , 7 r], the open sector with angle 29 is denoted by 

Ee := {w G C \ {0} : | arga;| < 9}. 

Definition 4.1. Let X be a complex Banach space, and A be a densely defined 
closed linear operator in X with dense range. A is called sectorial if Eg C p{—A) 
for some 0 > 0 and 

sup{||p(p + Al)“^|| : p G Eg} < 00 . 

The class of sectorial operators in X is denoted by iS(X). The spectral angle 4>A of 
A is defined by 

inf{()) : E ^_0 C p(-Al), sup |p(p + Al)“^| < oo}. 


Let 0 G (0,7r]. Define 

:= {/ : E 0 C : / is analytic and ||/||oo < oo} 


and 


where 


Here |/| 


4 > 

a,(3 


no{x:^)= y 

a ,^<0 

H„,p(E^) = {/G ?^(E^) : |/|^_^ < oo}. 

sup |p“/(/r)|+ sup \p-f^f{p)\. 

Dl<i Dl>i 
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Definition 4.2. Suppose that A S ‘5(X). Then A is said to admit a bounded 
1-1°°-calculus if there are (j) > 4 >a f^f^d a constant such that 

|/(-4)| < if^ll/IU, f&noi^^). (4.3) 

The class of such operators is denoted by The 'H°°-angle of A is defined 

by 

(j)f^ := > (j)^ : (14.3p holds}. 

Definition 4.3. Let X and Y be two Banach spaces. A family of operators T S 
C{X,Y) is called 3i-bounded, if there is a constant C > 0 and p S [l,c») such 
that for each N G N, Tj € T and Xj G X and for all independent, symmetric, 
{ —1, l}-valued random variables Sj on a probability space {fl,A4,p) the inequality 

N N 

1 = 1 i=i 

is valid. The smallest such C is called -bound ofY. We denote it by 

Definition 4.4. Suppose that A G 5(X). Then A is called t%-sectorial if there 
exists some 4> > 0 such that 

'■= : p G E^} < oo. 

The t%-angle (j)^ is defined by 

(j)^ := inf{ 6 ( G (0, tt) : — 6) < oo}. 

The class of -sectorial operators in X is denoted by TZS{X). 

Definition 4.5. A Banach space X said to belong to the class TtY if the Hilbert 
Transform defined by 

f ds 

H{f){t):=lun f{t-s) — , t G R, f G Coi^, X) 

'^^°J\s\>e ITS 

can be extended to a bounded linear operator on Lp(R,X) for some p G (l,oo). 

It is a well-known fact that Lp(M) is of class T-CT. This immediately implies that 
for any i? G M 

Lp(M) is of class TLT, 1 < p < oo. (4.4) 

Suppose that X is a Banach space of class HT. Then by [181 formula (2.15), 
Remark 3.2(1), Theorem 4.5], we obtain the inclusions 

H°°{X) C nS{X) C S{X), (4.5) 

and the inequalities 

4>a- 

Recall an operator A is said to belong to the class 'H{Xi,Xo) for some densely 

embedded Banach couple Xi A Xq, if —A generates a strongly continuous analytic 
semigroup on Xq with dom{A) = Xi. A G H(Xi,Xo) iff there exists some w > 0 
such that 

to -\- A G S (Xq ) 

with spectral angle fij, < 7 r /2 and dom{A) = Xi. 
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Let Xr be a real Banach lattice with an order <. See |6l Chapter C-I]. The 
complexification of Xr is a complex Banach lattice defined as follow 

X := Xr © iXr. (4.6) 

The positive cone of Xr is defined by 

-’^R := {a: G Xr : 0 < x}. 

Definition 4.6. Let G M, and X be a complex Banach lattice defined as in (gH). 
Suppose that A G 5(X). Then the semigroup {e“*'^}t>o is real if 

e *"^^R C Xr, t > 0. 

We say that {e“*"^}t>o is positive if 

e-*^X+cX+, t>0. 


For example, taking X = if (M) , {e real means 

C Lf(M;R), < > 0, 

and {e“*'^}t>o positive means 

e-‘-^Lf(M;IR+) C Lf(M;R+), t > 0. 

Proposition 4.7. Suppose that {M^g\p) is a -singular manifold. Let A' G K., 
and A > 0. Furthermore, assume that the differential operator 

Au := —div(p^“'''gradM) + C(Vu, oi) + a^u 

is {p, X)s,-regular and satisfies that Re(p'''ao) is so large that there exists some Ci < 2 
and uj < 0 such that 


essinf(Re(p'^ao) ©w) > 0; 

p^"^|2A'p^“^gradp + ai|g < Ci^JCafB,e{p^ao) +w); 

I(2A' - A)p^"^gradp + oi|g < Ci Y^C',j(Re(p^ao) + w). 

Let := 32^1^2 ,Then generates an analytic contraction strongly 


P,I30 


continuous semigroup on L^ (M) with domain ''(M) for all 1 < p < oo. 




It is proved under the same conditions (with cr = r = 0 and a = ''') in |541 

Section 3] that generates an analytic contraction strongly continuous semigroup 
on Lp (M) with domain “^(M) where 

= <’^;-"(Mi) n <£-^(Mi). 

However, the characterization of the domain of £/ given in [54] is erroneous. We 
will fix this error and state the necessary changes herein. 
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Proof. For w satisfying the given conditions, let ^ := £/ + ojp ^ and we associate 
with a form operator with D{ai^) = X = defined by 

auj{u,v) 

={a- gradM|gradn) 2 ,A' + (C(Vm, (2A' + 2t - 2a)d- gradlogp + ai)|n) 2 ,A' 

+ ((ao + wp"'^)m|i;)2,a' 

for all u,v G X. Here (■u|n) 2 ,A' is the inner product in L 2 

By the given conditions, £/ satisfies the conditions (A1)-(A2) and (AS’). Following 
the argument in [541 Section 3.1], we can show that is continuous and A-coercive, 
cf. [Ill Proposition 3.2]. This shows that with £>( 0 ^^) = A is densely defined, 
sectorial and closed on L 2 (M). By Theorems VI.2.1, IX.1.24], there exists an 
associated operator T such that —T generates a contractive strongly continuous 
analytic semigroup on £2 (M), i.e., < 1 for all t > 0 , with domain 

D{T) := {u G A,3!u G £3 (M) : = {v\(j)) 2 ,x ’G A}, Tu = v, 

which is a core of Otj. T is unique in the sense that there exists only one operator 
satisfying 

aujiu,v) = {Tu,v)2,\’, uGD(T),vGX. 

On the other hand, we can infer from [54l formula (2.9), Definition (2.12)] that 
{£/u;U\v) 2 ,y = au;{u,v), U,VGX. 

So by the uniqueness of T, we have 

•2^w|n(T) = T- 

Therefore, —generates a contractive strongly continuous analytic semigroup on 
£2 (M) with domain D{£/^)-. 

:= {u G A,3!v G £3 (M) : auj{u,(j)) = {v\(j)) 2 ,y G A}, = v. 

It can be verified that D(£/^) can be equivalently stated as 
D{£/^) := {w G a : G £ 2 '(M)}. 


One can conclude from Propositions 3.1, 3.2 and [54l Propositions 2.5, 2.9] that 


Define 


BuiU := 


By the previous discussions and Proposition [331 we infer that 

(4.7) 

On the other hand, in view of [3 Theorem 5.2], by the given conditions and a 
similar discussion to we can prove that 

Combining with (14.7L we can infer that 


The rest of the proof follows the same arguments as in [54l Section 3.2]. □ 
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Remark 4.8. Note that the exclusion of p S {3,3/2} in [U Theorem 5.2] is only 
necessary for maximal regularity theory, cf. Section 4.2, to guarantee 2 — 2/p ^ 
i + \/p for i = 0,1. So the generation of analytic semigroup in [H Theorem 5.2] 
actually holds for all 1 < p < oo. 


The following theorem is the theoretical basis of this paper. 

Theorem 4.9. Suppose that (M,g;p) is a -singular manifold satisfying p<l, 

\^p\g ~ 1) II^pIIoo < 00 

on Mr := {p £ M : p(p) < r} for some r £ (0, Ij. Moreover, assume that the set 

Sro := Ip £ M : p(p) = roj 

is compaet and closed for ro £ (0,r). Let X' £ R, and X £ (0,1) U (l,oo). Further¬ 
more, assume that the differential operator 

£/u := —div(p^“''gradM) + C(Vu, oi) + qqu 
is {p, X)s.-regular. Let .g/j fori = 0,1. Then there exists some 

w > 0 such that 

w + £ nS{W^’l-^{M),L^[M)), l<p<oo 

with t%-angle < ^/2- 


Proof, (i) For M > 0, we set 

/i(p) = Msign(l - A) logp(p), p £ M. (4.8) 

A direct computation shows that 

pgradh = Msign(l — A)gradp, 


and 

p^div(p^“''gradh) = Msign(l — A)pAp + Mjl — AUgradp]^. 

Together with (S3) and (S4), one can then show that h £ and 

h e Jifx{Mri,g;p) (4.9) 

with parameters {c,M) for some ri < r sufficiently small. Hence, (Mi,p;p) is a 
singular manifold with property Jif\. 


(ii) Following the proof of [541 Theorem 5.17], we introduce a retraction-coretraction 
system on the weighted Sobolev spaces over M. Choose r 2 £ (0,ri), where ri is 
defined in (14.91) . Define 

Mo := {p £ M ; p(p) £ [r 2 ,l]}. 

Note that Mq is a uniformly regular Riemannian manifold with boundary. With a 
little abuse of notation, we put Mi := M^. 


Based on the collar neighborhood theorem, we can find an open neighborhood U 
of Sri in Ml n Mq such that there exists a diffeomorphism 

f :U-)■ Sri X [0,1), (l>*9\u = g\Sri+dt'^, 

with (j){Sri) = Sri ^ {0}- We choose functions Cjf £ BC°°{[0, 1), [0,1]) such that 

^l[0.1/2] = 1, Cl[3/4.1) = 0; CI[0.1/4] = 0, C|[l/2.1) = 1- 
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Set TTo := ® 0 and tti := </)*(lSri ® !)• We define , 


peMi\C/, fl, peM\Mi, 

pet/, and 7ro(p) = < ^o, P ^ U, 

elsewhere, [O, elsewhere. 

Then forms a partition of unity on M, and nj e Define 


1 , 

^I(P) = { TTl, 
.0, 

For j = 0,1, we set 




rS,'d 


S,^ 


It is understood that on Mq, the singularity function can be taken as Imq) and thus 
the definition of weighted function spaces on Mq is independent of the choice of the 
weight d. We further introduce two maps: 

: W;;l (M) ^ (M) : u ^ {ttou, mu), 

and 

^ W'p S.(M) : (uo,Ui) H> ttqUo + mui- 

By Proposition l3.ll we immediately conclude that A is a retraction from the space 
VFpg. (M) to kFpg. (M) with A° as a coretraction. 


(iii) We will prove that := .c/g. |mi generates an analytic contraction positive 

strongly continuous semigroup on (Mi) with domain IF^ g^~^(Mi) for 1 < p < 
oo. 


Based on Proposition |43 we can follow the proof of [54l Theorem 5.18] and imme¬ 
diately prove that 

.c/iG?/(W;%^;-^(Mi),L^'(Mi)) 

For this reason, I will only point out necessary modifications to show the contraction 
property and then present a proof for positivity-preserving herein. 


Let 

Az := —zdiv(p^“^grad/i) — z^p^“^|gradh|g -|- 2 ;C(ai, V/i) -|- oq. 

For any z = a -I- G C with jzj = 1 and (c, M), the parameters of h in (14.9|) . we 
quote two conditions from [541 Section 5.1]. 


(H2) 

(H3) 


e(-: 


,0), and \z\ = 1. 


2Mc3 

M is sufficiently large such that 
p^Re)^^) > Cop^lgrad/i]^ - w 

- 2zp^"^grad/i-Ptp^“^gradlogp-Pailg < p^Re{A^) + uj 

for some w < 0, Co > 1 and Ci G (1, Co). Here t G {2A', 2A' — A}. 







THE YAMABE FLOW ON INCOMPLETE MANIFOLDS 


17 


Let £/h = e o £/i o {Mi, g;p) is a singular manifold with property 
Based on Proposition 14.71 the only changes we need to make to the results in [54l 
Section 5] is to change the domain of M from to W^'^~^{Mi). A 

modification of formula (5.5), Remark 5.22] implies that 

G n{Wll-\Mi),L^ {Mi))n C\s{Wl;^-\Mi),L^ {Ml)), (4.10) 

and the semigroup {e~*^^}t>o is contractive. 


We have \)zM _ psign(i A)aM^sign(i \)bMi ^ Step (hi) of the proof 

for Theorem 5.18], we have proved 

^sign(l-A)hMi g BC‘^^°{Mi). 


we infer that 
l<p<oo, 0<s<2. 


By Propositions 13.1113^ and the fact that = e = 1 m 

[u ^ e^^u] G £is(W;;^^(Mi), 

Note that in particular, we have 

[u HA e^^u] is an isometry from L^(Mi) to L^+“S'i(^-i)“^(Mi). (4.11) 

A similar argument to (54] Theorem 5.2] (with proper change from Wp’^ “^(Mi) 

to <I4-10D yield 

Since A' is arbitrary and sign(A — l)aM G (—l/2c^, l/2c^), it implies that for any 
A' G K 


■^1 e n{W^;^l-\Mi),L^\Mi))nns{W^'X-\Mi),L^'{Mi)). 

By (14.11|) . the semigroup {e~*^^}t>o is contractive. 


The assertion that s^i generates an analytic contraction strongly continuous semi¬ 
group on Lp'(Mi) with domain ILp’gj,~^(Mi) for 1 < p < oo now follows from (|4.111) 
and a similar argument to Step (iv) and (v) of the proof for |541 Theorem 5.18]. 

The only thing left to prove is the positivity-preserving of the semigroup }t>o- 

It is easy to see that 


u G 1 ^ 2,60 ^(^ 1 ) implies that u G W 2 ^(Mi) and J^iu = s^iu. 


Here u stands for the complex conjugate of u. By [3 Chapter C-11 Remark 3.1], 
the semigroup {e~*^'^^}t>o is real. 

On the other hand, one can verify that (Mi;R) is a real Banach lattice and 
u G ITp g^~'^(Mi;R) implies G ITp g^~^(Mi; K) and by Theorem 13.51 

{£/iu~,u''~)2,y = (p^“^grad'u“|grad'u+)2,A' 

-I- (2A'p^“^gradlogp-I-ai|u+gradu“) 2 ,A' + (aou“|u+) 2 ,A' = 0- 


We thus infer that 


{£/iU,U+)2,X' > 0. 
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This implies that —si\ is dispersive. It now follows from [42l Theorem 2.1] or 0 
Chapter C-II Theorem 1.2] that the semigroup {e~*^^}t>o is positive. 

(iv) In this step, we will show that si\ £ (Mi)) with < 7r/2 for all 

1 < p < 00. 


Given any ip £ Li(IR_|_) with compact support, we have 

poo 

m(M) := / 

Jo 


By the discussion in Step (iii), it is not hard to verify that the semigroup {p^ o 
g-tjYi Q p-x jg positive contraction strongly continuous on Lp(Mi). We imme¬ 
diately have 


m(M) := [ 

Jo 


oe o p ^ ipit) dt € L{Lp{Mi)). 


It was established in [m Theorem 3.5] that 


l|w(M)||£(Lp(Mi)) < IIV'II, 

where ||V'*|| is the norm of the convolution operator [u ^ u* 'll)] on Lp(IR). This 
gives rise to the following estimate. For any u £ (Mi), 

||m(.e/i)u||iV(Mi) = (^ \P^' e~*^^ui){t)dt\Pdpgy/P 

= ( / u\P dpg)^/P = |]m(M)/'M||Lp(Mi) 

< = IIV’1II|w|IlV(Mi)- 

Therefore, we obtain 

\\p'^i’^i)\\C(L^' {Ml)) — II'*/' II- (4-12) 

Based on (|4.12|) . we can follow the proof of [21] Theorem 2] and prove that 

<^^^=71/2, 1<P<00. (4.13) 

When p = 2, we infer from |38| Theorem 8] that 

.c/i £ H°°(L^'(Mi)), < 71/2. (4.14) 

We denote this angle by (p 2 - 


We can follow the ideas in m to prove (p^^ < 7r/2 for all 1 < p < oo. Given 
0<(/<(p<|</3, where (p £ {p 2 , f) and /3 > ^. There exists 9 £ (0,1) such 
that 

ip = {i- e)p2 + 9^. 

For Ip £ (0, tt), let 

Sp := {x + iy G C : y G {—ip, ip),x G R}. 

For any / £ 'H°°{£,p), set n{z) := /(e^), where 0 £ Then n is analytic and 
bounded in S,p. By HZl Lemma 1], there exists a family {n^ : C = C + *'*7 ■ ^ £ 
(0,7r),p £ R} of functions satisfying the following properties: 
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(a) is analytic and bounded in S^-e for any small e > 0 and 

sup{|n(;(z)| : z S S'j-e} < C\\n\\oo£~^^‘^ 
for some fixed C > 0. 

(b) = n. 

(c) For any a: £ R, [C >->■ iic(2^)] i® analytic. 

Now we define 

/c(z) = nc(log(z)), (; = ^ + ir], z G 
Then G for any small e > 0 and = f. 

We first look at ( with Re^ = </>■ Then for any G we have f( G 

By (I4.14|l . it holds 

ll/cKi)ll£(Lr(M)) < ^oll/clloo < C'Co||/||oo(0-<^i)-'/" =: Bo. 

When Re( = /3, by (I4.13P and a similar argument as above 

||/c(M)||£(iV(|vi)) < Bi 

for some fixed constant Bi. 

We put := p^' . Then 

ll”^0+i»?ll£(L2(M)) < Bq, ||TO/3+zr)||£(L,(M)) < Bi. 

Now for p satisfying i = applying the Stein interpolation theorem, we 

obtain 

ll™¥>ll£(Lp(M)) < 

This implies that 

\\fi’^i)\\c{L^' (M)) — \\f‘pi’^'>.)\\c{L^'(M)) — ^0 ^1- 

Since the choice of q is arbitrary, we have proved that 

G'H°°(Lp'(Mi)), < 7r/2, l<p<oo. 

(v) By (14.41) and (14.51) . it holds that 

G 7e5(L^'(Mi)), l<p<oo (4.15) 

with (j)^^ < 7r/2 

On the other hand, (Mo,g) is uniformly regular, and thus p|mo livio- Therefore, 
the choice of weights is immaterial in the definition of function spaces on (Mi,g). 
s^o '■= ^\mo is uniformly strongly p-elliptic in the sense of [H formula (5.1)]. It is 
proved in [U Theorem 5.2] that 

Wo +- 2^0 G 7^5(Lp (Mo)), 1 < p < oo (4.16) 

for some wq > 0 with (j)^^ < 7r/2 and domain bFp g.~'^(Mo) for i = 0,1. 

(vi) An easy computation shows that for j = 0,1 and any v G )D(M) 

TXjS^v =J^j{Trjv) + 2p^“^C(Vn, gradiTj) + [div(p^“''grad7rj) — C(V7rj,ai)]u 

= : £/j{Trjv) + BjV. (4.17) 
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Note that 

gradTTj e BC°°’'^{M,TM) 

for any d G K. Based on this observation and Propositions 13.1113.2113.41 and [2j 
Corollaries 7.2, 12.2], we infer that 

*,j = 0,l. (4.18) 

for any r G (0,1). Put s/ := and 

El ■= Eo := i^'(M), := {Eo,Ei)^^p. 

By the definition and convexity of .^-boundedness, see m Proposition 3.8], it is 
clear that (14.151) and (|4.16|) imply 

Wo -I- . 2 ^ G TZS{Eo), 1 < p < oo (4.19) 

for some wq > 0 with < 7r/2. By [HI Proposition 3.4, Theorem 4.4], for 

some e G (7r/2,7r- _^^-) 

.^{(wo + ■s^)ip + Wo -I- : fJ, G Eg} < oo. 

By 1)4.18|) . we have 

B := G £(lT;_+;’^'-^('+’')/"(M),ii;o). 

One can conclude that 

BA G E{Ei±r, Eq). 

Interpolation theory thus implies that for every e > 0 there exists some positive 
constant C(e) such that for all u = {uj)j^Q G Ei 

||SAm||£;„ < e||M||iSi -f C'(£:)||m||£;o. (4.20) 

It is well-known that (14.191) implies that there is a constant £ > 0 such that 

\uj\^-m{u} + £/)-^\\c(Eo,Ej) <£, j = 0 ,l, a;>a;o. 

Together with (14.201) . it implies 

\\BAu\\eo < e£\\{uJo + ■b^)u\\eo + C'(e)l|w||i5o- 

By [HI Proposition 4.3, Theorem 4.4], we can find some wi > wo such that 


oji H- + i5A G 7^tS(£'o); 

1 < p < 00 

(4.21) 

with ^ some 9 > 7r/2 



“h C^i -|- ^ “h 13A.^ 

: p G Eg} < 00. 

(4.22) 

(|4.17p shows that 




A (/i -)- oji -)- — (^ -)- oji -f .2^)A u -)- BAA u — (/r -t- wi -t- £/ -)- BA^A u. 

One readily checks that 


A(/r uji -)- BE) ^A*^(/i -)- uj\ -)- jE) 

=A(/r -|- u}\ -f -f BK) oji -\- si BA)A‘^ = idj^ 2 ,>.'-A^|y^. 

(vii) On the other hand, one can also view 

Ej e A^'(M)). 














THE YAMABE FLOW ON INCOMPLETE MANIFOLDS 


21 


Let := ~ ^ Ei±r. Following a similar argument as in 

Step (vi), we have for some 012 > wi 

(/r + 012 + £/)A{fj. + 012 + ^ - 

=A{fj, + UJ2 + .s/ - A^*B)(/r + 012 + =«/- A^®)“^A'" = id^x/(|vi) 
and for some 0 > 7r/2 

^{/r(/r + 012 + ^ — A'^*B)“^ : /r G Sg} < 00 . (4.23) 

Therefore, we have 

(/r + W 2 + = A(/r + UJ 2 + ^ - A^«B)“^ A^ 

and by [H Proposition 3.4] 

+ 012 + £/)~^ : fi G Se} < 00 

The asserted statement now is an easy consequence of [181 Theorem 4.4]. □ 

We say u,v G are C^-equivalent, which is denoted by u u, if 

U'-^v, jVWlg--jV^uJg, i = 

Given any compact submanifold S C (M,g), the distance function is a well-defined 
smooth function in a collar neighborhood of S. The distance ball at S with 
radius r is defined by 

B|vi(S,r) := {p G M : distM(p,S) < r}. 

Definition 4.10. Suppose that {^,g) is an m-dimensional uniformly regular Rie- 
mannian manifold. 

(i) g) is an m-dimensional uniformly regular Riemannian manifold, and 

S = {Ej : j = 1, ■■■ ,k} is a finite set of disjoint (m — 1)-dimensional 
compact submanifolds such that Ej C or Ej C d.jjj. Put Gq := \ 

and 

:= B..#(Eg,r) n Go, j = l,---,k. 

Furthermore, the singularity function p satisfies 

p ^2 dist^(-. Eg) in (4.24) 

for some r G (0, J), where S < diam(.^) and H = 0 for i ^ j, and 
p ^ 1 , elsewhere on Gq. 

(i’) Assume that S := {pg : j = 1, • • • , fc} is a family of points in In 
addition, Go and p are defined as in (i). 

(ii) G = {Gi,--- ,G„} is a finite set of disjoint m-dimensional closed uni¬ 

formly mild wedges. More precisely, there is a diffeomorphism fi : Gt ^ 
W{Ri, Bi,Ti) with Ri G Let R := (0,r] and 

^i,r := f~^{(t>p{Ir X Bi) X Ti), i = 1, • • • ,n. 

Moreover, the singularity function p satisfies 

P ^ 2 /*(«!>p(.R*|/,. G IsJ ® IrJ in^j^r 


(4.25) 
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for some r € (0,1], and 

p ^ 1, elsewhere on Gi. 

(iii) {Go} U G forms a covering for M, and Gq fl Gi C dGo fl dGi. 

If (M, 5 ;p) satisfies condition (i)-(iii), then it is called a torn singular manifold 
with closed uniformly mild wedge ends. If (M,p;p) satisfies (i’), (ii) and (iii), 
then it is called a punctured singular manifold with closed uniformly mild wedge 
ends. Analogues of these two concepts were first introduced in |54j and then slightly 
modified here. 


One can show that (j4.24l) and (I4.25|l imply that 

|Ap| <00 in and (4.26) 


Theorem 4.11. Suppose that X S [0,1) U (l,oo) when (M,p;p) is a torn G^- 
singular manifold with closed uniformly mild wedge ends, or X G [0, m) U (m, oo) 
when (M,p;p) is an m-dimensional punctured G^-singular manifold with closed 
uniformly mild wedge ends. Let A' G K. Furthermore, assume that the differential 
operator 

£/u := —div(p^“^gradu) + C(Vu, oi) + oqu 


is {p, X)s,-regular. Then there exists some uj > 0 such that 
satisfies 

CO + . 0 ^^ G 7^tS(Tp (M)), l<p< oo, 
with 1%-angle < 7'‘/2. 



(M) 


Proof. This follows from [54l Proposition 5.10, Corollary 5.20, Remarks 5.16, 5.21, 
5.22] and a similar argument as in Theorem 14.91 □ 


4.2. Marximal Lp-regularity of second order elliptic differential operators. 

In order to study nonlinear parabolic equations on singular manifolds, we will es¬ 
tablish maximal Lp-regularity for differential operators of the form (14.11) . To this 
end, we consider the following abstract Cauchy problem 

f dtult) Au(t) = f(t), t>0 

S , (4-27) 

[ u(0) = 0. ^ ^ 

Definition 4.12. A ssume that Xi ^ Xq is some densely embedded Banach couple. 
Suppose that A G S{Xq) with dom{A) = Xi. The Cauchy problem (14.271) has 
maximal Lp-regularity if for any 

f G Lp(R+; Xq), 

(14.271) has a unique solution 

u G Lp(IR.+ ; Xi) (h (K.+ ; Xq). 


We denote this by 


A G MTZp{Xo). 
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Theorem 4.13. Let A' S R and p ^ 3/2,3. Suppose that a -singular manifold 
{M,g',p) and A satisfy the conditions in Theorem \4-9\ or \4.11\ Furthermore, assume 
that the differential operator 

s/u := —div(/9^“^gradM) + C(Vu, oi) + a^u 


is (p, \)^-regular. Let J = [0, T] with T € (0, oo) and i = 0,1. Then for every 
(/,uo)eip(J;<(M)) xtTp”; 


^(1 


and 


h€Lp{J-Wp * ^ + 


ppV>^, y> P 

satisfying the compatibility condition 

{BqUq = h{0) on i9M ifi = 0 and 3/2 < p 

\BiUo = h{0) on dM if i = I and 3 < p, 


the Cauchy problem 


dtu{t) + £/u{t) = f{t) on Mt; 

BiU = h on OMt] 

m(0) = uo on M. 


has a unique solution 


(4.28) 


w G LpiJ-,W^;^-\M))nHliJ-,L^ (M)). 


Proof. Theorems 14.911^11 and [TSl Theorem 4.4] show that, for some w > 0, 32/g. := 
satisfies 

a; + 32/^' G MTZp{L^'(M)). (4.29) 

By Proposition [SHI we have 


(<(M),tTp2;^:”^(M))i_i/p,p = 


A(l-) 


(M). 


We set 

EoiJ) :=Lp(J;L^'(M)), 

and 

Ei(J) := Lp(J; W|;^'-^(M)) ni7i(J;L^'(M)); 

and put 

Fo(J) := Lp(J;L^'-^+*+i/P(aM)), 

and 

Fi(J) := Lp(J; Wp^’^'-^+*+i/P(5M)) ni/i(J;L^'+*+i/P(9M)), 

and 

Ee(J) = (Eo(J),Ei(J))e,p, Fe(J) = (Fo(J),Fi(J))e,p. 

[31 Definition (8.3), Theorem 20.3] show that for ^ = 1 ~ f “ ^ 

B, G C{Ei{J),¥e{J)) 

is a retraction and there exists a coretraction Bf G £(Fe(J),Ei(J)) such that 
BiO Bf = id. Note that in |3] the author uses the following notations: 

Ei(J) = 
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and 

Fi(J) = Fi(J) = 

To obtain a precise characterization for Fe(J), we apply interpolation theory and 
infer that 


(Lp( J; L^'-^+*+i/P(9M)), Lp( J; W^’^'-^+^+^/P{dM)))0,p 

On the other hand, following the proof for [3] Theorem 21.1], we can show that 

(Lp(J;L^'-^+*+i/P(9M)),i7pi(J;L^'+*+i/^'(aM)))e,p 

Therefore, 


Fe(J) =Lp(J;lT, 


29,\’-\+i+i- 


-idM))nW;iJ;Lp 


. A^+z+-]j —A(l—0) 


(aM)) 


is the boundary trace space for Ei(J). Let u* = B^{h). Then u = u* + u solves 
(I4.28p . where u is a solution to 

{ dtu + £/u = f — dtu* — si/u* =: f* on Mt; 

BiU = 0 on 5 Mt; (4.30) 

u(0) = uq — u*(0) =: uo on M. 

We will show (14.301) has a unique solution in Ei(J). 


Given Banach spaces E and E such that E ^ Li^ioc{J; E), define 
e'^^E := {u e Li^ioc{J;E) : e-“‘u £ E}, 


equipped with the norm 
The boundedness of J gives 


|w||e“‘E := ||e 


e-%(J) = E,(J), j = 0,l. 


(4.31) 


One readily checks that w{t) = uq solves 

dtu{t) + £/u{t) = 0, BiU = 0 u{0) = Uq. 

[H formula (III.1.5.6), Proposition 4.10.3] and (14.311) imply that w G Ei(J). 
Hence it only remains to prove that for any / £ Eo(J), the Cauchy problem 
dtv{t) + (w + £/)v(t) = u(0) = 0 

has a unique solution v £ Ei(J), or equivalently, 

u = e“*u£ e‘^‘Ei(J) 

uniquely solves (14.301) with uo = 0. This is an immediate consequence of (14.291) . 
Let 7 : Ei( J) —^ FI := Wp g*” ^ ’’^M) : u i-A u(0). Then 


7££(Ei(J),L;). 


(4.32) 
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By the maximal regularity property, cf. [43l Formula (1.2)] and (I4.32|l . we have 

I|m||ei(j) < I|m*||ei(j) + II'«IIei(j) 

< C'(||/i||f8(j) + ||/*||eo(j) + l|■“olU) 

< C'(II^IIF(,(J) + II/I|eo(J) + + .2/m*||eo(J) + II^oIIe + I|m*(0)||_e) 

< C'(ll^llFe(J) + II/I|eo(J) + l|wo|U). 

This establishes the uniqueness of the solution u = u* + u. □ 

Corollary 4.14. Under the same conditions as in Theorem \4.13\ if (f, h,UQ) is 
real valued, so is the solution u. 

Proof. If h is real, then u* = Bf{h) is real. Since the semigroup {e~^'^}t>o is real 
on Lp (M), the variation of parameters formula for the solution u to (I4.30L i.e., 

u{t)=e-*^iuo-u*{0))+ [ t>0 

Jo 

immediately gives the desired assertion. □ 


5. The Yamabe flow 

Suppose that (M,5o;p) is a C^-singular manifold of dimension m for m > 3. The 
Yamabe flow reads as 


, 9 = 

II 

1 

on 

Mr; 


0 

II 

on 

9Mt; 

(5.1) 

II 

0 

on 

M, 



where Rg is the scalar curvature with respect to the metric g, and Hg is the mean 
curvature of ggM. The evolving metric g is in the conformal class of the background 
metric go, i.e., [ 50 ]. Note that a singular manifold must be incomplete. Therefore, 
this flow actually starts with an incomplete metric. 

5.1. Wellposedness of the Yamabe flow on singular manifolds. In this sub¬ 
section, we apply Theorem 14.131 and Corollary 14.141 to establish the general theory 
for existence and uniqueness of solutions to the Yamabe flow on singular 

manifolds satisfying conditions in Theorem 14.91 or 14.111 

Let c(m) := The conformal Laplacian operator Lg with respect to the 

metric g is defined by 

LgU := AgU — c{m)RgU. 

Here Ag is the Laplace-Beltrami operator with respect to g defined by 

Ag := divg ogradg. 

Let g = for m > 0. By rescaling the time variable, equation (EU is 

equivalent to 

{ m +2 m -I- 2 ^ 

=-rLggU on Mt; 

m — 2 

C(Vu,no)=0 on 5 Mt; 

u{0) = 1m 


on 
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where no is the inward pointing normal of go on 9M, cf. [9]. It is equivalent to 
solving the following equation: 


Put 

We set 


dtu = u~ LggU on My; 

C(VM,no)=0 on (9 Mt; 

u{0) = 1m on M. 

P{u)v := u Ag^v, Q{u) :=—c{m)u"^Rgg. 


- 2 -- 


Eo:=Lp MM;K), ill := MM;R). 
Then it follows from Proposition 13.61 that 

Ei-i/p ■= (£’o, £’i)i-i/p,p = ^p,Bi ^ (M;R). 
By Theorem 14.131 and Corollary 14.141 the operator 

P(ito) = Agj, e MTlp{Eo), 1 <p <oo 
with domain Ei. We assume that 

p > TO + 2. 

Proposition 13.71 then implies 

Pi_i/p -A 


(5.2) 


(5.3) 


We first look at the linear problem 

{ dtU = Ag^u on Mr; 

C(Vm, no)=0 on 9 Mt; (5.4) 

m(0) = 1m on M. 

It is clear that u* = 1 m solves (lEl. 

Then we look at the nonlinear problem 

{ dtU — P{u + u*)u = Q{u + u*) on My; 

C(Vu,no)=0 on SMt; (5.5) 

u(0) = Om on M. 


We take 

U := MRiOM) := {v G PC^’^MiR) : ||?;||i,oo ;0 < R} 

to be an open ball around Om in ^(^^’^(M;®) with i? < 1, and set U := 

where i is the embedding of Ei_i/p into ^(^^’^(M; R). Then U is open in Ei_i/p 

and 

inf(t! + 1 m) > 1 — 7? > 0, V G U. 

On the -uniformly regular Riemannian manifold (M,g) := (M,g/p^; 1m), we can 
define unweighted PC^-spaces as in Section 2.2 with respect to the metric g and 
by taking p — 1m. We denote these spaces by PC^(M). By [H formula (4.4)], it 
holds that 


PC''=(M) = PC'='°(M) 
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An observation into the proof for [52l Proposition 6.3] shows that this proposition 
remains true for Therefore, it holds for any a G R that 

[z;hAz;“] G + 1 m, R)), 

where uj is the symbol of real analyticity, and 

C/ + 1m := {m G Ln;oc(M; R) : u = ui + 1m with ui G 17; || • ||i,oo;o} 
is open in M). Moreover, [?; i-A (i; + 1 m)] G C‘^{U, U + 1m). Therefore, 

(i; + 1m)“] G C‘"(C/,BC1’°(M;R)), (5.6) 

In view of Propositions 13.21 and 13.41 we have 

^go £ ^o)- 

Now one infers from Proposition 13.II and (15.6p that 

[v^ P{v + u*)]GC‘^iU,C{Ei,Eo)) (5.7) 

Our most important assumption for the Yamabe flow can be stated as follows. 
(YF) There exists some e G (|,oo) such that 

G Lp(M;R), Rg^ G SC'“’2-"(M;R). (5.8) 

We would like to comment on the second entry of (15.8p . This condition is not 
optimal. Indeed, in [531 formula (4.13)], it is shown that 

Rgg G 

So (YF) actually asks Rg^ to be less singular. However, we will show in Section 5.2 
that (YF) is satisfied by plenty of examples of singular manifolds. 

As a consequence of (15.61) and (YF), we conclude from Proposition 13.11 that 

[u HA Q{v + u*)] G C‘^{U, 

and for any v G R) 

lkllp;2-il±^ < lklU;2-5||P^“"^||p < C'||u1|oo;2-£- 
Combining the above two results, we infer that 

[v^Q{v + u*)]GC‘^iU,Eo). (5.9) 

[l4l Theorem 2.1], (15.31) . (|5.7|) and (|5.9|) imply that there exists a unique solution 
{iGEi(J) :=Lp(J;Ai)ni7i(J;Ao) 

solving (1^ . Now it is clear that u := u + u* solves (EH). We will show that u is 
indeed the unique solution in the class Ei(J) © Rm, where Rm is the space of all 
real-valued constant functions on M. First we have 

Ei(J) C(J; Ei_ifp), 

and Rm H Ei_ifp = {Om}. If u G Ei(J) © Rm solves (15.2L then we have a unique 
decomposition of the solution u = ui + U2 with ui G Ei(J) and U2 G Rm- Since 
u(0) = Mi(0) + U 2 = 1m, we infer that U 2 = 1m. Thus ui G Ei(J) is a solution to 
(15.51) by our construction, and the uniqueness follows immediately. 
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Now we are in a position to state the following well-posedness theorem for the 
Yamabe flow. 

Theorem 5.1. Suppose that {M,gQ',p) is a C'^-singular manifold satisfying condi¬ 
tions in Theorem or \4.11\ and p > m -\- 2. We assume that condition (YF) is 
fulfilled. Then the Yamabe flow (|5.2|1 has a unique positive solution 

ueLpiJ] (M,R))nilpi(J;Lp ^(M;]R))0 Rm- 

for some J := [0,T] with T > 0. Moreover, 

The local positivity of the solution u in the above theorem follows from the fact 
that u G C(J;lTp“^’“^(M;IR)) © 1 m and ITp(M;R) -A BCbO(M;K). 

Remark 5.2. We observe that our solution to the Yamabe flow (j5.1l) remains in the 
set 17 © 1 m at least for a short period of time J = [0,T]. For any fixed tp G J, we 
have 

0 < infit(to) < supM(to) < oo. 

This means that {M, g{t)] p) is a singular manifold for all t € J. So the unique 
solution obtained in Theorem O preserves the type of singularities and is not 
instantaneously complete. This has the same feature of the solution obtained in [7] 
for compact manifold with an incomplete edge singularity. 

5.2. Examples of the Yamabe flow starting on incomplete manifolds. 

Proposition 5.3. Suppose that (M, 5 o; p) is a torn or punctured -singular man¬ 
ifold with VolgflM) < oo. Then condition (YF) is satisfied for all e G , 2]. 

Proof. By Definition 14.101 (M,5o;/3) is constructed by removing a finite family of 
(to — l)-dimensional compact submanifolds S := {Ej : j = 1, • • • , fc} or a finite 
family of points p := {pj : j = I,-- - ,fc} from a uniformly regular Riemannian 
manifold {.Y^,g) with ^Im = go- 

The proof of [20l Theorem 1.2(b)] also applies to the scalar curvature Ry. This 
implies that the covariant derivatives of Rg^ = i?g|M are uniformly bounded, i.e., 
Rgg G i3C°°’°(M). Hence, by taking e < 2, we infer from Proposition 13.81 that 

Rg„ G HC°°’2-®(M). 

Set '■= ®..#(Ej,r) n M with j = 1, • • • ,k. By the collar neighborhood theorem, 
there exists an open neighborhood of dEj in ./£, and a diffeomorphism fj such 
that 

fj ■ ^ (“£>£)> = slaSj + dt^, 

for some £ > 0. Let T^dYj denote the normal bundle of dYj in .y#. At every point 
p G dYj, there exists a unique Vp G T^dYj such that 

TpfjVp = Cl G TqR. 

Then, f~^{p,t) = expp{tvp), where expp is the exponential map at p. Therefore, 
letting Jg = (—£, s) \ {0}, we have 

(/j)*p(P,i) := in dYj x 
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for some Pj S C°°{dY^j) and Pj ^ las^- Because of the compactness of it is 
easy to compute that 

dYijxJe dHjxJe 

Therefore, e > will guarantee 

p‘^-^ e Lp(M;R). 

The case of punctured singular manifolds follows by considering the polar coordi¬ 
nates around each pj. □ 

Example 5.4. The following are examples of C'^-singular manifolds satisfying the 
conditions in Provosition \5.3[ 

(i) Assume that fl C M"* is a bounded -domain, gm is the Euclidean metric 
in R™, and d(-) := dist(-,9fl) near dfl. The fact that (n,gm',d) is a C^- 
singular manifold follows from [SI Theorem 1.6] or |53l Proposition 3.7]. 

ByB Corollary 4.3], {n,gm) is a uniformly regular Riemannian manifold. 
Definition \4.10\ implies that (r2,gm;d) is a C'^-torn singular manifold satis¬ 
fying the conditions in Proposition 15.51 and thus the Yamahe flow (15.11) 
admits a unique local solution on the incomplete manifold {M,gQ-,p) = 
gm] d). 

(ii) More generally, suppose that (./#, g) is a compact manifold with bound¬ 
ary; do.y£\-\di.y£ = d.y^ and di./^ are both open. Then by Definition \4.10\ 
{M,go) := {./£'\ do.y£', pIm) is a C'^-torn singular manifold satisfying the 
eonditions in Proposition 15.51 So Theorem 15.11 holds true in this case. In 
eontrast to the situation m [9], we do not require any boundary condition 
on . 
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